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Abstract
By construction, gauge theories require gauge fixing. In conventional approaches to spontaneously
broken gauge theories, the choice of the Unitary (’t Hooft) gauge involves the sacrifice of manifest renor-
malizability (unitarity). It is shown that with a suitable modification of the background field gauge
condition, the background field formalism allows manifest unitarity and renormalizability in a single
framework.
1 Introduction
The development of spontaneously broken gauge theories represents a watershed in the progress of theoretical
physics. Such theories form not only the basis for the enormously successful Standard Model but also for the
various attempts at a grand unified theory of strong, weak and electromagnetic interactions.
While the basic principles were laid down by Higgs [1] and Kibble [2] in the early 1960’s, the then available
technology for quantizing the broken theory was based upon the ‘unitary (U-) gauge’. As it will figure prominently
in our considerations let us briefly recall the U-gauge formalism.
I assume here a simple gauge group G, Lie algebra G with representatives of generators ta and structure constants
Cabc : [ta, tb] = iCabctc. I also denote by Tc the adjoint representation (Tc)
ab = −iCabc. Neglecting matter fields
the general model is
L (A, φ) = LYM + LH = −
1
4
F aµν (A)F
aµν (A) +
1
2
φT;µφ
;µ − Vc
(
φTφ
)
(1.1)
where
F aµν (A) = ∂µA
a
ν − ∂νA
a
µ − gCabcA
b
µA
c
ν (1.2)
φ;µ = Dµ (A)φ = ∂µφ+ igtaA
a
µφ (1.3)
Vc
(
φTφ
)
=
1
2
µ2φTφ+
1
4
λ
(
φTφ
)2
(1.4)
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Note that the Higgs field φ is taken to form a real representation - e.g. for G = U(1), φT = (φ1, φ2) and t = −σ
2.
L is invariant under the infinitesimal transformations
δφ = −iθataφ δA
a
µ =
1
g
Dabµ (A) θb (1.5)
with
Dabµ (A) = δ
ab∂µ + ig(Tc)
ab
Acµ (1.6)
the gauge covariant derivative with respect to A in the adjoint representation.
When µ2 < 0 the invariance of L is spontaneously broken through a non-trivial vacuum expectation value of the
Higgs field
∂Vc
∂φi
∣∣∣∣
φ=v
= 0
∂2Vc
∂φi∂φi
∣∣∣∣
φ=v
=
(
Mcs
2
)
ij
≥ 0 (1.7)
or in the case at hand φTφ = v2 = −µ
2
λ
. In general G may have a subgroup G′ such as to leave the vacuum
invariant: tav = 0 if ta ∈ G′. The U-gauge transformation is then
φ→ U (ξ) (v + η) = exp (−iξata/v) (v + η) , ta ∈ G/G
′ (1.8a)(
taA
a
µ
)
→ U (ξ) taA
a
µU
† (ξ)−
i
g
U (ξ) ∂µU
† (ξ) (1.8b)
yielding
L → −
1
4
F aµν (A)F
aµν (A) +
1
2
Aaµ
(
M2cV
)ab
Abν +
1
2
[
ηT,µη
,µ + ηTM2csη
]
+ . . . (1.9)
Here η,µ ≡ ∂µη, the ellipsis stands for η −A and η-self interaction terms [3] while(
M2cV
)ab
= g2vtatbv (1.10)
is the vector mass matrix. The would-be Goldstone bosons – the angles ξ parametrizing the coset G/G′ – have
disappeared from L , being replaced by the longitudinal degree of freedom of the massive vector propagator
iDµν (k,m) =
i
k2 −m2
[
−gµν +
kµkν
m2
]
(1.11)
As the name implies the U-gauge makes unitarity manifest in that only the physical degrees of freedom appear.
At the same time for euclidean loop momentum ℓE, D (ℓE →∞,m) → O (1) so the transformed theory is not
renormalizable by power counting. This does not mean that unitarity is lost any more than the symmetry is
broken; rather both are well hidden. Following Weinberg one says that the U-gauge is ‘crypto-renormalizable’.
A modified quantization procedure enabling the renormalization of broken gauge theories was first introduced by
’t Hooft [4] and elaborated by Lee and Zinn-Justin [5]. In these renormalizable or Rξ gauges [6] one begins by
shifting the Higgs field φ→ v + φ′. The kinetic piece 1/2φT;µφ
;µ then gives rise to a term
1
2
igAaµ∂
µ
(
φ′T tav − v
T taφ
′
)
which mixes the gauge and would be Goldstone fields. In order to remove this mixing one chooses a gauge fixing
condition fa (A, φ) = 0 with
fa (A, φ) = ∂µAaµ − iξφ
′T tav (1.12)
2
so it is cancelled by
LGF = −
1
2ξ
(
∂µAaµ − iξgφ
′T tav
) (
∂νAaν − iξgv
T taφ
′
)
(1.13)
Now both the scalar fields and Faddeev-Popov ghosts acquire gauge parameter dependent mass matrices(
M¯2cs
)
ij
= (Mcs)ij + ξg
2
i (tav)
(
vT ta
)
(1.14a)
LFPG = C
†
a∂
µDabµ (A)Cb + C
†
aξ
(
M2cV
)ab
Cb (1.14b)
but the massive gauge field propagator
iDµν (k,m) =
i
k2 −m2
[
−gµν + (1− ξ)
kµkν
k2 − ξm2
]
(1.15)
is well behaved, D (ℓE →∞,m)→ O
(
ℓ−2E
)
. Hence the Rξ gauge is manifestly renormalizable by power counting.
Here the price one pays is that the would-be Goldstone bosons are still around as spurious degrees of freedom.
What must be shown through the use of Generalized Ward Identities (GWI’s) is that they as well as the other
gauge dependent parts cancel in the S-matrix. Thus unitarity is not manifest in the Rξ gauges; again it is not
lost but only hidden. One might sat the Rξ gauge is ‘crypto-unitary’.
While the conventional renormalizable gauges are sid pro quo, it is natural to inquire whether all this cryptology
is necessary, or whether it is not possible to instead achieve manifest renormalizability and unitarity in a single
framework. In this paper I will show that the answer is indeed yes. The resolution of the schism lies in a
modification of the Background Field Gauge (BFG) formalism first developed by De Witt [7] for quantization
of unbroken Yang-Mills theories and general relativity through one-loop. Subsequently the extension beyond the
one-loop level to all orders was made by ’t Hooft [8] and Abbott [9, 10].
As the background field method remains relatively obscure in Section 2 I will briefly review the formalism for
scalar fields and global symmetries following the lucid presentation of Abbott [10]; there in I also illustrate its
simplification of the proof of renormalizability. Then in Section 3 I review the BFG for unbroken gauge theories.
In Section 4 I return to the problem of spontaneously broken gauge theories and show how a modified BFG leads
to manifest unitarity and renormalizability. Finally Sections 5 presents some calculations.
2 The Background Field Formalism
Given a scalar φi field system and lagrangian L (φ) such as LH above the familiar quantization procedure is to
introduce external sources Ji and the functionals
W [J ] = N−1
∫
[dφ] exp
{
i
∫
d4x [L (φ) + Jiφi]
}
(2.1)
Z [J ] = −i lnW [J ] = Γ [Φ] +
∫
d4xJiΦi (2.2a)
Φi =
δZ
δJi
, Ji = −
δΓ
δΦi
(2.2b)
(Z) W and Γ are respectively the generators of (connected) Greens functions and proper vertex functions.
The background field formalism consists in introducing also a set of classical fields βi and extended functionals
(indicated by ˜ ):
W˜ [J ;β] = N−1
∫
[dφ] exp
{
i
∫
d4x [L (φ+ β) + Jiφi]
}
(2.3)
3
Z˜ [J ;β] = −i ln W˜ [J ;β] = Γ˜
[
Φ˜;β
]
+
∫
d4xJiΦ˜i (2.4a)
Φ˜i =
δZ˜
δJi
, Ji = −
δΓ˜
δΦ˜i
(2.4b)
Here (Z˜) W˜ and Γ˜ are the generators of (connected) Greens functions and proper vertex functions respectively
in the presence of the background field, the moments being with respect to J and Φ˜. Why does one want to do
this? Clearly Γ˜
[
Φ˜;β
]∣∣∣
β=0
= Γ [Φ] but also by translational invariance of the measure φ→ φ− β in (2.3)
Z˜ [J ;β] = Z [J ]−
∫
d4xJiβi (2.5)
which implies Φ˜ = Φ− β and therefore
Γ˜
[
Φ˜;β
]
= Z [J ]−
∫
d4xJi
(
Φ˜i + βi
)
=Γ
[
Φ˜ + β
]
(2.6)
so
Γ [β] = Γ˜ [0;β] : (2.7)
the usual effective action is calculable from vacuum diagrams (no external legs) in the presence of the background
field.
In practice of course except for very simple background fields – such as β = const. which gives the effective
potential V (β) – one cannot carry out the exact evaluation of Γ˜ [0;β], but usually one only needs the moments of
Γ [β] e.g. to construct the S-matrix. Then in (2.3) one may expand the action in the exponential in powers of β
S [φ+ β] =
∫
d4xL (φ+ β) = S [φ] +
∫
d4xβi
(
δS
δβi
)∣∣∣∣
βi=0
+ . . . (2.8)
yielding a set of Feynman rules in which the (classical background) quantum field (β) φ only appears on (external)
internal lines - note that for the proper vertex functions this means that per definition one may discard terms
linear in φ in (2.8)
Nor is this all; suppose L (φ) is invariant under the infinitesimal transformations
δφi = −iθ
a(ta)ijφj (2.9)
of some global group G. Then under the simultaneous transformations
δβi = −iθ
a(ta)ijφj , δJi = −iθ
a(ta)ijJj (2.10)
it is easy to see that S [φ+ β] and
∫
d4xJiφi are invariant so
W˜ [J ;β] = W˜ [J + δJ ;β + δβ] (2.11)
which implies
Γ˜
[
Φ˜;β
]
+
∫
d4xJiΦ˜i = Γ˜
[
Φ˜;β + δβ
]
+
∫
d4x (Ji + δJi) Φ˜i (2.12)
or using (2.4) and (2.10)
Γ˜
[
Φ˜;β
]
= Γ˜
[
Φ˜ + δΦ˜;β + δβ
]
(2.13)
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Hence holding Φ˜ to vanish the effective action is invariant:
Γ [β] = Γ [β + δβ] (2.14)
In turn thus implies the GWI’s as moments of
0 =
∫
d4x
δΓ
δβi
(ta)ijβi (2.15)
The last may be used to construct a simple proof of renormalizability when L = LH above with G global: Γ[β]
may also be expanded locally,
Γ [β] =
∫
d4x
[
−V
(
φTφ
)
+
1
2
Zij (β)βi,µβ
,µ
j + . . .
]
(2.16)
the ellipsis standing for higher derivatives. By standard power counting analysis the superficial degree of diver-
gence D is D = 4− Eβ − k where Eβ is the number of β−field lines and k the number of derivatives. In view of
(2.14) it follows immediately that the possible divergences are contained in
ΓD [β] =
∫
d4x
[
1
2
δµ2βTβ −
1
4
(1− Zλ)
(
βTβ
)2
+
1
2
(1− Zβ)β
T
,µβ
,µ
]
(2.17)
which are cancelled by adding counter terms: L → L + LCT
LCT =
1
2
(Zβ − 1)φ
T
,µφ
,µ −
1
2
δµ2φTφ−
1
4
λ (Zλ − 1)
(
φTφ
)2
(2.18)
equivalent to the multiplicative renormalizations
φ0 =
√
Zβφ , β0 =
√
Zββ , µ
2
0 =
(
µ2 + δµ2
)
/Zβ , λ0 = λZλ/Z
2
β (2.19)
Note particularly that nothing in the proof outlined depends upon whether µ2 > 0 (Wigner-Weyl phase) or
µ2 < 0 (Nambu-Goldstone phase) – provided only that one chooses an appropriate renormalization scheme
(such as minimal subtraction) which is non-singular as µ2 is continued from positive to negative values the
renormalizability of the symmetric phase implies the renormalizability of the asymmetric phase.
3 The Background Field Gauge
For global symmetries as in the preceding section the invariance of the effective action and the renormalizability
of the (a-)symmetric phase can be proven without resort to the background field. Where the method begins
to come into its own is in the Yang-Mills theory where the definition of the generating functionals require that
one break the gauge invariance erstwhile the A field propagator is undefined. The magic of the background field
method is that one can break the quantum field invariance while retaining background field gauge invariance
provided one is clever in choosing the gauge fixing [7, 8, 9, 10].
One begins with
W [J ;B] = N−1
∫
[dA] exp
{
i
∫
d4x
[
Leff (A;B)− J
µ
aA
a
µ
]}
(3.1)
where Baµ is the background field to A
a
µ and
Leff (A;B) = −
1
4
F aµν (A+B)F
aµν (A+B) + LGF + LFPG (3.2)
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In the absence of gauge fixing (LGF = LFPG = 0) there is invariance under the infinitesimal transformations
δAaµ = i(Tc)
abθbA
c
µ , δJ
µ
a = Cabcθ
bJµc , δB
a
µ =
1
g
Dabµ (B) θb (3.3)
which would be broken by the usual choice fa(A) = ∂µAaµ. On the other hand, replacing the ordinary derivative
by the gauge covariant derivative with respect to the background field
Ga (A;B) = Dabµ (B)A
bµ (3.4)
one observes that Ga transforms as the adjoint representation of the gauge group
G→ (I − iθaTa)G
so
LGF = LBGF = −
1
2ξ
(Ga)†Ga (3.5)
is invariant under (3.3). The Faddeev-Popov operator transforms similarly
MG → (I − iθ
aTa)MG(I + iθ
aTa)
hence |MG| is invariant under (3.3) as is
LFPG = LBFPG = C
†
aD
ab
µ (B)D
bdµ(A+B)Cd (3.6)
Then by identical steps as in Section 2,
Γ˜ [0;B] = Γ [B] = Γ [B + δB] (3.7)
yielding the GWI’s as moments of
0 =
∫
d4xDabµ (B)
δΓ
δBbµ
(3.8)
Due to the background field gauge invariance (3.7) and power counting, D = 4−EB−k, one immediately obtains
that the divergences are cancelled by the gauge invariant counter-terms
LCT (A) = −
1
4
(Zb − 1)F
a
µν (A)F
aµν (A) (3.9)
Moreover, defining the bare field and coupling
Baµ0 =
√
ZBB
aµ , g0 = Zgg (3.10)
in order that L0YM (B0) be invariant one has in view of the nonlinear terms the identity
Zg
√
ZB = 1 (3.11)
In turn this means that to calculate the β function for QCD in the background field formalism one only needs the
two point function for the B field, as opposed to the standard methods where one requires two and three point
proper vertices. Beyond one loop the resulting computational advantages are enormous [9, 10]
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4 THE BFG for spontaneously broken theories
With the foregoing in mind we now return to the problem of spontaneously broken Yang-Mills theories. Let us
introduce background fields β and B for φ and A, and consider
W˜ [J ;B, β] = N−1
∫
[dA] [dφ] exp
{
i
∫
d4x
[
Leff (A, φ;B, β) + Jiφi − J
µ
aA
a
µ
]}
(4.1)
where
Leff (A, φ;B, β) = L (A+B, φ+ β) + LGF + LFPG (4.2)
and L is as seen in (1.1) to (1.4). With LGF = LFPG = 0 (4.1) is invariant under the simultaneous infinitesimal
local transformations (2.9), (2.10) and (3.3), and we seek to choose the (quantum) gauge fixing so as to preserve
this feature. Now by it self this would be accomplished by (3.4) just as in the pure gauge theory.
There is however a problem: L (A+B, φ+ β) contains a piece
1
2
igAaµ∂
µ
(
φT taβ − β
T taφ
)
The proper vertices are found by expanding
Γ [B, β] = Γ [B + δB, β + δβ] (4.3)
about Baµ = 0, β = v with v a constant found by minimizing the effective potential
Γ [0, v] = −
∫
d4xV
(
vT v
)
(4.4)
Consequently in the broken symmetry phase there occurs a mixing between the quantum gauge and would-be
Goldstone fields.
Taking a clue [11] from ’t Hooft, the way out of this difficulty is apparent: we introduce a modified background
field gauge fixing function, replacing Ga of (3.4) by
Ha (A, φ;B, β) = Dabµ (B)Abµ − iξφ
T taβ (4.5)
which also transforms as the adjoint representation of the gauge group under (2.9) and (3.3), insuring the back-
ground field invariance of
LGF = LBGF = −
1
2ξ
(Ha)
†
Ha (4.6)
as well as
LFPG = LBFPG = C
†
aD
ab
µ (B)D
bdµ (A+B)Cd + ξg
2φT tdtaβC
†
aCd (4.7)
Crucially (4.5) and (4.6) also assure the cancellation of the quantum mixing piece in the broken symmetry phase,
v 6= 0.
Let us see what we have accomplished; first, the internal (A field) gauge propagator assumes the form (1.15) and
the GWI’s are from (4.3) ∫
d4xDabµ (B)
δΓ
δBbµ
= ig
∫
d4x
δΓ
δβi
(ta)ijβj (4.8)
The background field invariance together with power counting D = 4 − EB − Eβ − k means that the proof
of renormalizability goes through for the coupled Higgs scalar-gauge field system as for its component parts
(replacing the ordinary by the gauge covariant derivative in (2.18)). Thus renormalizability is manifest.
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Second, because we have retained the background field gauge invariance (4.3), we can perform a unitary gauge
transformation on the background fields:
β → exp (−iθata/v) (v + η) = U (θ) (v + η) (4.9a)
taB
a
µ → U (θ) taB
a
µU
† (θ)−
i
g
U (θ) ∂µU
† (θ) (4.9b)
so
Γ [B, β]→ Γ [B, v + η] (4.10)
Using Γ [B, v + η] to generate the proper vertex functions the background would be Goldstone bosons never
appear in the S-matrix, the massive background gauge field propagator being that of (1.11) plus loop corrections.
hence also unitarity is manifest
5 Conclusions
In this paper I have shown how the background field formalism and a simple modification of the conventional
background field gauge allows one to rectify the usual schism between unitarity and renormalizability for spon-
taneously broken gauge theories. It has further been demonstrated that the background field method leads to
much simpler and elegant proofs than in the conventional approach.
It is also to be hoped that, esoterics aside, the method leads to computational simplifications in spontaneously
broken theories in the same that it has for e.g. the β function in unbroken Yang-Mills theory. This aspect is
currently under investigation
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